In [2] , Bichon, De Rijdt and Vaes introduced the notion of monoidally equivalent compact quantum groups. In this paper we prove that there is a natural bijective correspondence between actions of monoidally equivalent quantum groups on unital C * -algebras.
Introduction
After Woronowicz had introduced the notion of a compact quantum group as a generalization of a compact group, many research topics applying to compact groups were expanded to the general framework of compact quantum groups. One of these topics concerns the study of (ergodic) actions of compact groups on unital C * -algebras (an action on a C * -algebra is ergodic if the fixed point algebra reduces to the scalars). We refer to the articles of Høegh-Krohn, Landstad and Størmer [5] and Wasserman [12, 13, 14] for a deep study of this topic. The abstract theory of ergodic actions of compact quantum groups on C * -algebras was initiated by Boca [3] and Landstad [6] . It turns out that the general theory of (ergodic) actions of compact quantum groups on C * -algebras is different from the classical theory and in fact much richer. One major difference is that the multiplicity of irreducible representations coming from an ergodic action can be strictly greater than the dimension of the representation space, which is impossible in the classical case, where the dimension of the representation space is actually an upper bound of this multiplicity. In the quantum case, the upper bound is given by the quantum dimension which is usually larger than the usual dimension.
In [2] , Bichon, the first author and Vaes introduced and developped the notion of monoidally equivalent quantum groups. By definition, compact quantum groups are called monoidally equivalent if their representation categories are equivalent as monoidal categories. In their article, they were able to describe certain ergodic actions as unitary fiber functors on the representation category. These ergodic actions are exactly the ergodic actions of full quantum multiplicity. This provides us with a powerful categorical tool for constructing ergodic actions. Moreover, these ergodic actions of full quantum multiplicity were among the first examples of ergodic actions where the multiplicity of the irreducible representations is strictly greater than the dimension of the representation space.
In, [8] , Pinzari and Roberts obtained a categorical description of all ergodic actions of a compact quantum group. In the same way as [2] , they describe an ergodic action (not necessarily of full quantum multiplicity) of a compact quantum group as a special kind of functor on the representation category. When the ergodic action is of full quantum multiplicity, the corresponding functor is just a unitary fiber functor as in [2] . This yields a bijective correspondence between ergodic actions of monoidally equivalent quantum groups on unital C * -algebras.
In this article, we obtain a bijective correspondence between (not necessarily ergodic) actions of monoidally equivalent quantum groups on unital C * -algebras. Moreover, the correspondence is of that kind that it preserves the spectral subspaces of the actions. Restricting this to ergodic actions, this just means that the multiplicities of the irreducible representations are preserved through this correspondence. It should be emphasised that our approach is not categoric. The correspondence is obtained in a concrete, constructive way.
In [14] , A. Wassermann gives a complete classification of the ergodic actions of SU (2) , essentially labeling them by the finite subgroups of SU (2) . It would, of course, be great to give a complete classification of ergodic actions of the deformed SU q (2) . In [9] , Tomatsu provides a first step in this direction: he computes all ergodic actions of SU q (2) on 'virtual' quotient spaces SU q (2)/Γ. More precisely, he describes all the coideals of the quantum group SU q (2) . By construction, the ergodic actions of SU q (2) on its virtual quotient spaces are such that the multiplicity of an irreducible representation is bounded by its dimension. A different class of ergodic actions comes from unitary fiber functors. In [2] , it is proved that there exists many such unitary fiber functors on the respresentation category of SU q (2) and it turns out that many examples of ergodic actions can be constructed where the multiplicity exceeds the dimension of the representation space. This provides us with examples of ergodic actions which do not come from co-ideals.
In [10] , Wang and Van Daele introduced the universal orthogonal and unitary quantum groups A o (F ) and A u (F ), for every F ∈ M n (C). In [2] , it is proved that the quantum groups SU q (2) and A o (F ) are monoidally equivalent if Tr(F * F ) = |q + 1/q| and F F = −sgn q. We construct, for every F , a natural ergodic action of the compact quantum group A o (F ) on a co-ideal, as defined by Tomatsu. Using the bijective correspondence of our paper, this yields, under some restrictions on q, ergodic actions of SU q (2) which are not coideals and are not of full quantum multiplicity. If 2 − √ 3 < |q| < 1, we can even construct continuous (non-conjugate) families of such ergodic actions of SU q (2). In view of the classification program of ergodic actions of SU q (2), this proves once more that this classification is highly non-trivial.
Finally, we want to stress the following observation concerning Poisson boundaries. In [11] , Vaes and the second author identified the Poisson boundary for invariant random walks on A o (F ) making use of the computation of the Poisson boundary of SU q (2) by Izumi. These results strongly suggest that Poisson boundaries for (the duals of) monoidally equivalent quantum groups, are related through the construction of our paper. This is work in progress.
We would like to thank our advisor Stefaan Vaes for numerous remarks and careful reading of the manuscript.
Preliminaries
Consider a subset S of a C * -algebra. We denote by S the linear span of S and by [S] the closed linear span of S. We use the notation ω η,ξ (a) = η, aξ and we use inner products that are linear in the second variable.
The symbol ⊗ denotes tensor products of Hilbert spaces, minimal tensor products of C * -algebras as well as algebraic tensor products of * -algebras. We also make use of the leg numbering notation in multiple tensor products: if a ∈ A ⊗ A, then a 12 , a 13 , a 23 denote the obvious elements in A ⊗ A ⊗ A, e.g. a 12 = a ⊗ 1.
Compact quantum groups
We give a quick overview of the theory of compact quantum groups which was developed by Woronowicz in [15] . We refer to [7] for a survey of basic results. Definition 1.1. A compact quantum group G is a pair (C(G), ∆), where
• G satisfies the left and right cancellation property expressed by
Remark 1.2. The notation C(G) suggests the analogy with the basic example given by continuous functions on a compact group. In the quantum case however, there is no underlying space G and C(G) is a non-abelian C * -algebra.
A fundamental result in the theory of compact quantum groups is the existence of a unique Haar state. Theorem 1.3. Let G be a compact quantum group. There exists a unique state h on C(G) which satisfies
The state h is called the Haar state of G.
Another crucial set of results in the framework of compact quantum groups is the Peter-Weyl representation theory.
Whenever U 1 and U 2 are unitary representations of G on the respective Hilbert spaces H 1 and H 2 , we define
The elements of Mor(U 1 , U 2 ) are called intertwiners. We use the notation End(U ) := Mor(U, U ). A unitary representation U is said to be irreducible if End(U ) = C1. If Mor(U 1 , U 2 ) contains a unitary operator, the representations U 1 and U 2 are said to be unitarily equivalent.
We have the following essential result.
Theorem 1.5. Every irreducible representation of a compact quantum group is finite-dimensional. Every unitary representation is unitarily equivalent to a direct sum of irreducibles.
Because of this theorem, we almost exclusively deal with finite-dimensional representations. By choosing an orthonormal basis of the Hilbert space H, a finite-dimensional unitary representation of G can be considered as a unitary matrix (U ij ) with entries in C(G) and (1.1) becomes
The product in the C * -algebra C(G) yields a tensor product on the level of unitary representations. Definition 1.6. Let U 1 and U 2 be unitary representations of G on the respective Hilbert spaces H 1 and H 2 . We define the tensor product
Notation 1.7. Let G be a compact quantum group. We denote by Irred(G) the set of equivalence classes of irreducible unitary representations. We choose representatives U x on the Hilbert space H x for every x ∈ Irred(G). Whenever x, y ∈ Irred(G), we use x ⊗ y to denote the unitary representation U x T U y . The class of the trivial unitary representation is denoted by ε. We define the natural numbers mult(z, x ⊗ y) such that
The collection of natural numbers mult(z, x ⊗ y) are called the fusion rules of G.
The set Irred(G) is equipped with a natural involution x → x such that U x is the unique (up to unitary equivalence) irreducible unitary representation satisfying
For every x ∈ Irred(G), we take non-zero elements t x ∈ Mor(x ⊗ x, ǫ) and s x ∈ Mor(x ⊗ x, ε) satisfying (t Definition 1.8. For x ∈ Irred(G), the value Tr(Q x ) is called the quantum dimension of x and denoted by dim q (x). Note that dim q (x) ≥ dim(x), with equality holding if and only if Q x = 1.
The irreducible representations of G and the Haar state h are connected by the orthogonality relations.
for ξ ∈ H x and η ∈ H y . Notation 1.9. Let G = (C(G), ∆) be a compact quantum group. We denote by C(G) the set of coefficients of finite dimensional representations of G. Hence,
is defined as the norm closure of C(G) in the GNSrepresentation with respect to h. The universal C * -algebra C u (G) is defined as the enveloping C * -algebra of C(G). Remark 1.11. Given an arbitrary compact quantum group G, we have surjective homomorphisms C u (G) → C(G) → C r (G), but most of the time we are only interested in C r (G) and C u (G). So, given the underlying Hopf * -algebra, there exists different C * -versions. From this point of view, we only consider two quantum groups different if the underlying Hopf * -algebras are different.
Examples: the universal orthogonal compact quantum groups
We consider a class of compact quantum groups which was introduced by Wang and Van Daele in [10] . These compact quantum groups can in general not be obtained as deformations of classical objects. Definition 1.12. Let F ∈ GL(n, C) satisfying F F = ±1. We define the compact quantum group G = A o (F ) as follows.
• C(G) is the universal C * -algebra with generators (U ij ) and relations making U = (U ij ) a unitary element of M n (C) ⊗ C(G) and U = F U F −1 , where (U ) ij = (U ij ) * .
•
In these examples, the unitary matrix U is a representation, called the fundamental representation. The definition of G = A o (F ) makes sense without the requirement F F = ±1, but the fundamental representation is irreducible if and only if F F ∈ R1. We then normalize such that F F = ±1. Remark 1.13. It is easy to classify the quantum groups
It follows that the A o (F ) are classified up to isomorphism by n, the sign F F and the eigenvalue list of F * F (see e.g. Section 5 of [2] where an explicit fundamental domain for the relation ∼ is described).
If F ∈ GL(2, C), we get up to equivalence, the matrices
The following result has been proven by Banica [1] . It tells us that the compact quantum groups A o (F ) have the same fusion rules as the group SU(2).
for all x, y ∈ N.
Actions of quantum groups and spectral subspaces
The action δ is said to be ergodic if the fixed point algebra
be an action of the compact quantum group G on the unital C * -algebra B. For every x ∈ Irred(G), We define the spectral subspace associated with x by
Remark 1.17. For each x ∈ Irred(G), K x is a bimodule over the fixed point algebra in a natural way. Indeed, for a ∈ B δ and
gives an inner product, turning K x in a left Hilbert C * -module over the fixed point algebra. We refer to [4] for the theory of Hilbert C * -modules.
In the case where δ is ergodic, K x can be turned in a Hilbert space because B δ = C, with scalar product defined by X, Y 1 = Y X * .
We can also turn K x in a right Hilbert C * -module but this is less straightforward. Denote by E : B → B δ : x → (id ⊗ h)δ the conditional expectation onto the fixed point algebra. For X, Y ∈ K x , one can check, using the fact that (
is an intertwiner for U x and hence scalar. This means that we can define
which makes K x a right Hilbert C * -module over B δ .
Definition 1.18. We define B as the subspace of B generated by the spectral subspaces, i.e.
Also, we define
Note that δ :
Observe that B is a dense unital *-subalgebra of B and that the restriction δ : B → B ⊗ C(G) defines an action of the Hopf * -algebra (C(G), ∆) on B.
Remark 1.19. If δ is ergodic, B x is finite dimensional and its dimension is of the form dim H x · mult(x, δ), where mult(x, δ) is called the multiplicity of x in δ. Note that as a vector space
Suppose now that δ : B → B ⊗ C(G) is an ergodic action. Let x ∈ G. Take t ∈ Mor(x ⊗ x, ε), normalized in such a way that t * t = dim q (x). Define the antilinear map
Since t is fixed up to a number of modulus one,
Definition 1.20. We put mult q (x) := Tr(L x ) Tr(L x ) and we call mult q (x) the quantum multiplicity of x in δ.
Remark 1.21. It can be proven, for example in [2] , that mult q (x) ≤ dim q (x) for all x ∈ G. If equality holds for all x ∈ G, we say that δ is of full quantum multiplicity.
It is said to be reduced if the conditional expectation (id ⊗ h)δ of B on the fixed point algebra B δ is faithful.
Remark 1.23. From remark 1.11, we saw that a compact quantum group (C(G), ∆) has many C * -versions, while the underlying Hopf * -algebra is the same. The same remark applies to actions. Again, we have that B r ⊆ B ⊆ B u for an action δ : B → B ⊗ C(G). Here also, we will only consider two actions to be different if the underlying Hopf * -algebra actions are different. We make extensively use of this fact.
Monoidal equivalence
The notion of monoidal equivalence was introduced in [2] . We give an overview of the results we need.
are said to be monoidally equivalent if there exists a bijection ϕ : Irred(G 1 ) → Irred(G 2 ) satisfying ϕ(ε) = ε, together with linear isomorphisms
satisfying the following conditions:
whenever the formulas make sense. In the first formula, we consider 1 ∈ Mor(x, x) = Mor(x ⊗ ε, x) = Mor(ε ⊗ x, x). Such a collection of maps ϕ is called a monoidal equivalence between G 1 and G 2 .
By Theorem 3.9 and Proposition 3.13 of [2] , we have the following fundamental result.
Theorem 1.25. Let ϕ be a monoidal equivalence between compact quantum groups G 1 and G 2 .
• There exist a unique unital * -algebra B equipped with a faithful state ω and unitary elements
2. the matrix coefficients of the X x form a linear basis of B,
• There exists unique commuting ergodic actions
for all x ∈ Irred(G 1 ).
• The state ω is invariant under δ 1 and δ 2 . Denoting by B r the C * -algebra generated by B in the GNSrepresentation associated with ω and denoting by B u the universal enveloping C * -algebra of B, the actions δ 1 , δ 2 admit unique extensions to actions on B r and B u .
This algebra B is called the link algebra of G 1 and G 2 under the monoidal equivalence ϕ. Note that in the case G = G 1 = G 2 and ϕ the identity map, we have B = C(G) and X x = U x for every x ∈ Irred(G).
Moreover, the B x are exactly the spaces B x in definition 1.18 coming from the spectral subspaces of δ 1 and δ 2 , while B is exactly the dense * -algebra given in Definition 1.18.
The orthogonality relations (1.2) generalize and take the following form.
We turn to the case where
, which will be needed in this article. 
• The compact quantum groups A o (F 1 ) and A o (F 2 ) are monoidally equivalent iff F 1 F 1 and F 2 F 2 have the same sign and Tr(F *
• Assume that A o (F 1 ) and A o (F 2 ) are monoidally equivalent. Denote by A o (F 1 , F 2 ) the universal unital C * -algebra generated by the coefficients of
Then, A o (F 1 , F 2 ) = 0 and there exists a unique pair of commuting universal ergodic actions, δ 1 of
Here, U i denotes the fundamental representation of A o (F i ).
is isomorphic with the C * -algebra B u and the actions thereon given by Theorem 1.25 .
Recall that A o (F q ) ∼ = SU q (2) (see formula 3). Then, because Tr(F * q F q ) = |q + 1/q| and F q F q = −sgn (q), we obtain that A o (F ) ∼ mon SU q (2) if and only if Tr(F * F ) = |q + 1/q| and F F = −sgn (q).
2 The correspondence between the actions of monoidally equivalent quantum groups.
In the following, G 1 and G 2 denote two monoidally equivalent compact quantum groups. Fix a monoidal equivalence ϕ : G 2 → G 1 . Note that we have exchanged the roles of G 1 and G 2 . From theorem 1.25, we get a link algebra B, with two commuting ergodic actions
given by
Theorem 2.1. The restriction of (id ⊗ δ 2 ) to the *-algebra
is a * -isomorphism between the fixed point algebras of α 1 and α 2 .
• The map T :
13 is a bimodular isomorphism between the spectral subspaces. Moreover, T is an isomorphism in the sense of Hilbert C * -modules for the left and right Hilbert C * -structures on K ϕ(x) and K x , defined in (1.4) and (1.5).
• Suppose that δ 1 is an ergodic action. Then the action as defined above is also an ergodic action, as follows from the first part of the theorem. Moreover for all x ∈ Irred(G 2 ), mult q (x) = mult q (ϕ(x)), so the quantum multiplicities of δ 1 and δ 2 are equal.
Proof. From the following easy calculation, one can see that D 2 is invariant under the action id ⊗ δ 2 .
The last step is valid because δ 1 and δ 2 commute. Hence
Suppose that α 2 (x) = x ⊗ 1 for x ∈ D 2 . This means that (id ⊗ δ 2 )(x) = x ⊗ 1, so there exists a y ∈ D 1 such that x = y ⊗ 1. Indeed, δ 2 is ergodic. But because (α 1 ⊗ id)(x) = (id ⊗ δ 1 )(x), it follows that y ∈ D and K x the spectral subspaces of respectively α 1 and α 2 for the representation ϕ(x), respectively x. From remark 1.17 we know that the spectral subspaces have a natural bimodule structure over the fixed point algebra. We claim that the map
is the bimodule isomorphism we were looking for.
by definition 1.16 of the spectral subspace K ϕ(x) and the properties of
1 -bilinearity of T is clear. Consider now the spectral subspaces K x and K ϕ(x) as left Hilbert C * -modules as in (1.4). We show that T is a unitary element of
and obtain in this way that T actually gives an isomorphism between K ϕ(x) and K x . Consider the map S :
So, by ergodicity of δ 2 , we may conclude that S(w) ∈ H ϕ(x) ⊗ D 1 ⊗ C.
Because w has its second leg in D 2 , we get that
, But we just proved that the third leg of S(w) is scalar, so the last expression is nothing else than (S(w)⊗1)U x 13 . Thus, by the definition of K ϕ(x) , we get that S :
For every v ∈ K ϕ(x) and w ∈ K x , we have that
So, S is actually the adjoint T * of T in the sense of Hilbert C * -modules. Moreover, it is trivial that
Next, we show that T is also a unitary element of L(K ϕ(x) , K x ) for the right Hilbert-C * -module structure given by (1.5). From proposition 3.5 of [4] , it suffices to show that T is isometric and surjective. The surjectivity follows from above. We use the orthogonality relations (1.2) and (1.7) for U x and X x to prove that T is indeed an isometry.
First notice that the conditional expectation P
2 is nothing else than the map x → (id⊗ω)(x)⊗1, where ω is the invariant state for δ 1 and δ 2 . Indeed, for x ∈ D 2 ,
Consider now v ∈ K ϕ(x) . On the one hand, we have that
because of the orthogonality relations for X x .
On the other hand
where in the last step we used the orthogonality relations for U x . Considering the map D 2 : x → x ⊗ 1, the calculations above show that T is indeed isometric and hence unitary.
Finally, we prove the third part of the theorem. Recall the operators from formula (1.6).
with v ∈ K ϕ(x) . and
where y, z ∈ K ϕ(x) . Remember the isomorphism T :
. Then:
In this calculation, we have used that X x 13 X x 23 (t ⊗ 1) = ϕ(t) ⊗ 1. This follows from the fact that t ∈ Mor(x ⊗ x, ε). Again considering the map
It follows trivially from the definition 1.20 of quantum multiplicity that both quantum multiplicities are the same. This completes the proof of the theorem.
In the following proposition, we consider a special case. Proposition 2.2. Consider two monoidally equivalent compact quantum groups G 1 and G 2 . In the case that D 1 = C(G 1 ) and α 1 = ∆ 1 , we have a * -isomorphism between D 2 and the link algebra B for the monoidal equivalence ϕ. Moreover, this * -isomorphism intertwines the action α 2 with the action δ 2 .
Proof. By definition,
is the desired * -isomorphism. From the definition of δ 1 , it follows that δ 1 : B → C(G 1 ) ⊗ B is an injective * -homomorphism. The image of δ 1 is contained in D 2 because δ 1 is an action. Moreover, if x ∈ D 2 and ε 1 is the co-unit on C(G 1 ), then
which means that δ 1 (B) = D 2 . So δ 1 is also surjective. Because δ 1 and δ 2 commute, it is clear that this * -isomorphism intertwines the actions δ 2 and α 2 .
Now we consider the inverse monoidal equivalence ϕ −1 : G 1 → G 2 . According to theorem 1.25, we obtain the link algebraB generated by the coefficients of unitary elements Y x ∈ B(H ϕ(x) , H x ) ⊗B and two commuting ergodic actions γ 1 :B →B ⊗ C(G 1 ) and
Denote byω the invariant state onB. Then we get the following proposition.
Proposition 2.3. Consider two monoidally equivalent compact quantum groups G 1 and G 2 . In the case that D 1 =B and α 1 = γ 1 , we obtain a * -isomorphism π : C(G 2 ) → D 2 . This * -isomorphism intertwines the comultiplication ∆ 2 with the action α 2 .
Proof. In this case,
. This is a well-defined *-homomorphism from C(G 2 ) to D 2 . Indeed, because
the image of π lies in D 2 .
Consider x, y, z ∈ Irred(G 2 ) and take T ∈ Mor(x ⊗ y, z). The multiplicativity of π follows from the following calculation:
.
This proves that π also passes trough the involution, so it is a *-homomorphism. We now show that this map is the desired *-isomorphism.
First we prove the injectivity. It is easy to show that (ω ⊗ ω)π = h, with h the Haar measure of C(G 2 ). Suppose now that for an x ∈ C(G 2 ), π(x) = 0. Then also π(x * x) = 0, which means that also h(x * x) = 0. But h is faithful on C(G 2 ), so x = 0.
To prove the surjectivity of π, we have to take a closer look at the elements of D 2 . From definition 1.18, we get that
So we only need to prove that π(C(G
and (id ⊗ δ 1 )(
We know that a basis of B x (resp.B x ) is given respectively by elements of the form (ω g e kx ,e lx ⊗ id)(X x ) and (ω e lx ,g e kx ⊗ id)(Y x ) with e kx , k x ∈ {1, . . . , dim(H ϕ(x) )} an orthonormal basis in H ϕ(x) and e lx , l x ∈ {1, . . . , dim(H x )} an orthonormal basis in H x . Denote by (ω g e kx ,e lx ⊗ id)(X x ) := b kx,lx and (ω e lx ,g e kx ⊗ id)(Y x ) =b lx,kx . We also have a basis for C(G 2 ) x given by (ω e kx ,e lx ⊗ id)(U x ), again with e kx , k x ∈ {1, . . . , dim(H x )} an orthonormal basis in H x . Denote by (ω e kx ,e lx ⊗ id)(U x ) := u kx,lx . In the following, we drop the subscript x. With these notations, we get that
An arbitrary element of B x ⊗B x has the form
From this equality, we immediately see that λ 
which is a linear combination of the π(u kj ). This proves the surjectivity of π.
so the action α 2 indeed corresponds to the comultiplication on G 2 .
We wish our construction to be reversible.
Proposition 2.4. The construction in theorem 2.1 applied to the inverse monoidal equivalence ϕ −1 : G 1 → G 2 and the action α 2 : D 2 → D 2 ⊗ C(G 2 ) gives back, up to isomorphism, the action α 1 :
Proof
. In exactly the same way as in proposition 2.3, we can prove that C(G 1 ) is * -isomorphic to the * -algebra D := {x ∈ B ⊗B | (δ 2 ⊗ id)(x) = (id ⊗ γ 2 )(x)} In this case, the * -isomorphism is given by π :
. Also in the same way, we can prove that π intertwines the actions δ 1 ⊗ id | D and ∆ 1 . From this, we get that D ′ 1 is isomorphic to
In the same way as in proposition 2.2, we see that
and α 1 . This concludes the proof.
The results of this paper now give us a natural correspondence between the actions of two monoidally equivalent quantum groups G 1 and G 2 . Indeed, suppose we have an action α 1 :
. From remark 1.23, we can also work with the underlying Hopf * -algebra action α 1 :
. Then theorem 2.1 provides us with a * -algebra D 2 and an action α 2 : D 2 → D 2 ⊗ C(G 2 ) such that the fixed point algebras of α 1 and α 2 are * -isomorphic and such that there exist a bimodular isomorphism between the spectral subspaces of α 1 and α 2 . Moreover, because of the preceding proposition 2.4, this construction gives, up to isomorphism, a one-to-one correspondence between actions of G 1 and G 2 .
Example: Coideals of A o (F )
In [2] , it is proven that for each F ∈ GL n (C) with F F ± 1, there exists a q ∈] − 1, 1[\{0} such that SU q (2) ∼ mon A o (F ). Theorem 2.1 gives, for every action of A o (F ), an action of the corresponding SU q (2).
We use this to construct examples of actions of SU q (2), under some restrictions on q, which are different from the ones classified by Tomatsu in [9] and also different from the actions of full quantum multiplicity by Bichon, the first author and Vaes in [2] . For 2 − √ 3 < |q| < 1, we even get a continuous family of non conjugate actions of SU q (2), which are not coideals and not of full quantum multiplicity.
For this, we look at the following kind of actions of A o (F ). Fix F ∈ GL n (C) with F F = ±1. Consider a unitary matrix v ∈ M n (C) for which
defines an automorphism of C(A o (F )). Indeed, because v satisfies the same equation as the fundamental representation, there is a *-homomorphism F ) ). Hence, by restricting the comultiplication to C v , we get an ergodic action of A o (F ).
Take now q ∈] − 1, 1[\{0} such that SU q (2) and A o (F ) are monoidally equivalent. Through the above construction, we get an action α F of SU q (2) on an algebra C F with the same multiplicities as α v . We can also describe this action in a direct way. We do this now, although further on, we will not use the explicit description of this action.
So consider the monoidal equivalence ϕ : SU q (2) → A o (F ) and the corresponding link algebra B := A o (F q , F ) which is generated by the coëfficients of a unitary Y . In the same way as was done for A o (F ), we can define an automorphism of B by
It is now easy to check that for
). We claim that the actions α F and δ 2|B v are isomorphic.
By definition, δ 1 is faithful on B, so also on B v .
It is left to prove that δ 1 (B v ) = C F . Consider the counit ǫ on A o (F ). Just like in the proof of Proposition 2.2, we get that δ 1 ((ǫ ⊗ id)(x)) = x for x ∈ C F . Moreover, for x ∈ C F , (ǫ ⊗ id)(x) ∈ B v . Indeed,
and so (ǫ ⊗ id)(x) = β v ((ǫ ⊗ id)(x)) which proves the statement. We may conclude that δ 1 : B v → C F is an isomorphism. It is also clear that δ 1 intertwines δ 2 and α F .
We will need to calculate the multiplicities of the irreducible representations of this action α F . Because of theorem 2.1, these equal the multiplicities of the action α v . Let u l be the subrepresentation of U ⊗l which is equivalent with the irreducible representation of label l. We know that mult(l), the multiplicity of u l is exactly the dimension of C v l divided by dim(u l ). So it is enough to calculate this dimension. We first calculate the multiplicity of the fundamental representation U , which is the irreducible representation with label 1. Choose an orthonormal basis e i , i = 1 . . . n for H. Take x ∈ C v 1 . Certainly, x must be in C(A o (F )) 1 . We can decompose x in a unique way as x = n i=1 (ω ξi,ei ⊗ id)(U ), where ξ i are vectors in H.
which can only happen if vξ i = ξ i for all i = 1, . . . , n as U is irreducible. Hence mult(1) equals the dimension of the eigenspace of v at eigenvalue 1.
which, because u l is irreducible, can only happen if v ⊗l (ξ i ) = ξ i for ξ i ∈ H l . Moreover, the eigenspace E of v ⊗l at eigenvalue 1 is invariant under P l because v ⊗l and P l commute. These last two results imply that the calculation of the multiplicities of the irreducible representations u l of the above action α v can be done by examining the invariant vectors of the operators v ⊗n for every n ∈ N. Remember that this gives also the multiplicities of the action α F of SU q (2) . If the action α F is a coideal of SU q (2), then it is obvious that the multiplicity of every irreducible representation does not exceed the dimension of the representation. So, if we find an irreducible representation x ∈ Irred(SU q (2)) for which dim(x) < mult(x, α F ), then α F is not a coideal.
We will also need to calculate the quantum multiplicity of α F which is, according to theorem 2.1 equal to the quantum multiplicity of α v . Therefore, we have to calculate Tr(L x ) (recall that
From the definition of spectral subspace, we get
13 } with K x the spectral subspace of the comultiplication ∆. Then we get that
We can see in a direct way that
Now take ξ, η ∈ H x and such that vξ = ξ and vη = η. Then we calculate
x η This means that L x is the restriction of Q The above construction also works for a one-parameter group of unitary matrices {v t | t ∈ R}, satisfying equation 3.1. These give rise to an action of the real numbers on A o (F ), for which the fixed points algebra will again be a coideal. The multiplicities and quantum multiplicities of this coideal (and hence of the corresponding action of SU q (2)) can be calculated in an analogue way as above by considering the intersection of the eigenspaces of (v t ) ⊗n , t ∈ R, n ∈ N.
We now give concrete examples of matrices v that satisfy equation (3.1) to obtain examples of actions of SU q (2) which are not coideals of Tomatsu and not of full quantum multiplicity.
• As a first example, take dim(F ) = 3. We know that, up to isomorphism, F is of the form
Then take the matrix v = diag(1, 1, −1). It is clear that v satisfies equation (3.1). We have that F F = 1 and 
, there is a unique 3 by 3 matrix F such that SU q (2) is monoidal equivalent with A o (F ). So, for these values of q, we obtain an ergodic action α F of SU q (2) with F of the above form. First we show that this action is not a coideal from Tomatsu. Take u 2 , which is the second irreducible representation of SU q (2). Then, dim(u 2 ) = 3. From the fusion rules of SU q (2), we get u 1 ⊗ u 1 = u 2 + u 0 . In order to calculate the multiplicity of u 2 , we have to study the dimension of the invariant subspaces of v ⊗ v. This space is 5-dimensional, but one invariant vector comes from u 0 , so the multiplicity of u 2 equals 4 which is strictly greater than dim(u 2 ) = 3. So, the action obtained is not a coideal of Tomatsu. Now we show that the action is not of full quantum multiplicity. This follows immediately from the fact that v = 1. This can also be seen by calculating Tr(L F ). But, as we know, Tr(L F ) = Tr(Q • In the same way, with the same F , we can take the one parameter group v t = diag(λ it , λ −it , 1). This again gives an action. From the fusion rules of SU q (2), we get that u ⊗3 1 = u 3 + 2u 1 . So we need the know the dimension of the invariant vectorspace under v ⊗3 t . This dimension equals 7. But u ⊗3 contains the fundamental representation u 1 two times. The dimension of the invariant subspace under v t equals 1. So the multiplicity of u 3 is 5. But the dimension of u 3 is 4. So this action is not a coideal. Again, it is not of full quantum multiplicity either because not all the matrices v t are equal to the identity.
• Finally, we show that for certain values of q, we can construct in this way a continuous family of actions of SU q (2) which are not coideals and not of full quantum multiplicity. Therefore, look at the following 4 by 4 matrix F So, if 2 − √ 3 < |q| < 1, then there exists a matrix F as above such that A o (F ) is monoidally equivalent with SU q (2). Again, we show that the action α F obtained in this way is not a coideal. Therefore, notice that u 1 ⊗ u 1 = u 2 + u 0 . But the dimension of the eigenspace with eigenvalue one for v ⊗ v equals 6. This means that the multiplicity of u 2 is 5, but dim(u 2 ) is 3. So, this action is not a coideal. Being not of full quantum multiplicity is a consequence of the fact that not all the v t equal the identity matrix. We immediately see that L F = diag(|s| −1 , |s|). Moreover, for different s, these actions are all non isomorphic, otherwise, the L F -matrices should have the same eigenvalues which is not the case as we have seen. So indeed, we get a continuous family of non-conjugate actions.
Note that the above examples only hold for restricted values of q. For |q| ≤ 2 − √ 3, it is not clear how to construct examples of actions of SU q (2) which are nor coideals, nor of full quantum multiplicity.
Final remark
We can generalize the above construction for all coideals of A o (F ). Suppose C ⊂ A o (F ) is a left coideal. This gives rise to an ergodic action of A o (F ) on C by restricting the comultiplication. If q is such that SU q (2) ∼ mon A o (F ), then we get, through the construction of this article, a *-algebra C F and an action α F : C F → C F ⊗ C(SU q (2)) with the same spectral subspaces as the coideal. Now C F equipped with α F is isomorphic to a subalgebra of the link-algebra B := A o (F q , F ) equipped with the restriction of δ 2 in the following way. Define B F := (ǫ ⊗ id)(C F ) with ǫ the counit. Now δ 1 : B F → C F is a *-isomorphism. Indeed, injectivity is clear and the surjectivity again follows from the fact that, by definition of C F and the counit ǫ, δ 1 ((ǫ ⊗ id)(x)) = x for x ∈ C F . Obviously, δ 2 (B F ) ⊂ B F ⊗ SU q (2) and δ 1 again intertwines δ 2 and α F because δ 1 and δ 2 commute.
This demonstrates that the coideals of A o (F ) with A o (F ) ∼ mon SU q (2) correspond to subalgebras of the linkalgebras A o (F q , F ) with SU q (2) acting thereon by δ 2 . It would be interesting to examine if every ergodic action of SU q (2) is of this form.
